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Background: More than half of all the elements heavier than iron are made by the rapid neutron capture process
(or r process). For very neutron-rich astrophysical conditions, such at those found in the tidal ejecta of neutron
stars, nuclear fission determines the r -process endpoint, and the fission fragment yields shape the final abundances
of 110 ≤ A ≤ 170 nuclei. The knowledge of fission fragment yields of hundreds of nuclei inhabiting very neutron-
rich regions of the nuclear landscape is thus crucial for the modeling of heavy-element nucleosynthesis.
Purpose: In this study, we propose a model for the fast calculation of fission fragment yields based on the concept
of shell-stabilized prefragments defined with help of the nucleonic localization functions.
Methods: To generate realistic potential energy surfaces and nucleonic localizations, we apply Skyrme Density
Functional Theory. The distribution of the neck nucleons among the two prefragments is obtained by means of a
statistical model.
Results: We benchmark the method by studying the fission yields of 178Pt, 240Pu, 254Cf, and 254,256,258Fm and
show that it satisfactorily explains the experimental data. We then make predictions for 254Pu and 290Fm as
two representative cases of fissioning nuclei that are expected to significantly contribute during the r -process
nucleosynthesis occurring in neutron star mergers.
Conclusions: The proposed framework provides an efficient alternative to microscopic approaches based on the
evolution of the system in a space of collective coordinates all the way to scission. It can be used to carry out
global calculations of fission fragment distributions across the r -process region.
I. INTRODUCTION
The predictive power of r -process network calculations
could be improved by providing sound predictions of fis-
sion fragment yields, including yields from spontaneous
fission (SF), beta-delayed fission, and neutron-induced
fission. In particular, it has been long established that
fission fragment distributions play a crucial role in shap-
ing the final r -process abundances [1–6], and recent stud-
ies suggest that uncertainties in fission yields should be
reduced in order to properly constrain the contribution
of binary neutron star mergers to the chemical evolu-
tion of r -process elements [7]. When it comes to realistic
predictions, the Langevin approach [8–10] has proven to
be extremely successful in terms of quantitative repro-
duction of fragment yields. Unfortunately, full-fledged
Langevin calculations in a multidimensional collective
space, based on the microscopic nuclear density func-
tional theory (DFT) input, are computationally expen-
sive when it comes to large-scale theoretical fission sur-
veys. The same is true for the time-dependent calcula-
tions [11–16] based on self-consistent approaches. Given
the computational cost of microscopic methods and the
large number of fissioning nuclei that are expected to
contribute during the r -process nucleosynthesis, network
calculations have mostly relied on simple parametriza-
tions or highly phenomenological models to determine
fission yields.
To date, the models that aim at global surveys of fis-
sion yields can be grouped into three main categories
[17]. The first group comprises the so-called Brownian
motion models, wherein the fission process is described as
an overdamped motion across potential energy surfaces
obtained from microscopic-macroscopic calculations [18–
20]. These models take into account the dissipative dy-
namics required to describe the full distribution of fission
yields. To deduce charge yields, additional assumptions
are made such as a linear scaling of mass distributions.
Methods belonging to the second category, the scission-
point models [21–23], are free from this limitation be-
cause they treat charge asymmetry as a collective degree
of freedom. However, the scission-point approach relies
on a static description of the fragments along the scis-
sion configuration, thus neglecting fission dynamics. For
recent realizations of this model, see, e.g., Refs. [24–27].
Within this category, another simplified static descrip-
tion is the random neck-rupture model [28, 29] where
the location of the neck is decided randomly following an
appropriate statistical weight.
Finally, the third category are semi-empirical models,
such as GEF [30] and ABLA [31], which have been widely
used in r -process calculations [3–5, 32, 33]. These mod-
els turned out to be extremely successful in describing
data close to stability, since their parameters have been
fine-tuned to reproduce observed fission fragments distri-
butions. However, their applicability to extrapolate far
from stability is questionable and the related uncertain-
ties are difficult to asses.
To overcome these shortcomings, the present paper
presents an efficient and predictive model for fission frag-
ment yields that is based on the microscopic DFT input.
There are two main assumptions behind our model: (i)
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shell effects of the prefragments that develop in the pre-
scission region; and (ii) the final fragments are produced
in the scission region by a rapid distribution of neck nu-
cleons, a process that is statistical in nature. Both as-
sumptions are based on results of previous microscopic
calculations [8, 34, 35]. Indeed, by studying the nucle-
onic localization function (NLF) for deformed configu-
rations of fissioning nuclei, we observe that two distinct
prefragments form and then separate well before scission
is reached. This early development of the prefragments
is a manifestation of the freeze-out of single particle en-
ergies along the fission path [36–39] as the system tries
to maintain its microscopic configuration to avoid level
crossings. The suggestion that the prefragment particle
numbers play essential roles in determining the fission
fragment distribution can be traced back to strong shell
effects in prefragments in the semiclassical periodic-orbit
theory [40, 41].
Within the proposed model, it is not necessary to cal-
culate the full potential energy surface (PES) up to the
scission configuration, since a simplified estimation of the
PES is sufficient to obtain the most-probable prefragment
configuration(s). Then, final fragment yields are gener-
ated by distributing the neck nucleons into prefragments
according to a statistical prescription wherein the fre-
quency of a particular fragmentation channel is decided
with an appropriate microcanonical probability [21, 42].
The paper is organized as follows. Our model is de-
scribed in Sec. II. Section III contains the benchmark
calculations of fission yields and presents results for two
representative cases of r -process nuclei. Section IV con-
tains a summary and conclusions.
II. THEORETICAL FRAMEWORK
A. Selection of configurations to calculate NLFs
Our method of estimating primary fission yields is
based on NLFs computed at a point on the most prob-
able fission path that corresponds to a compact config-
uration at the outer turning point well before scission.
This configuration, obtained by minimizing the collec-
tive action between the ground state and the outer turn-
ing line, determines the peak position of the fragment
yield distribution. Specifically, for a given nucleus and
fission decay (spontaneous, neutron-induced or fusion-
fission) we find the point where the total energy drops
down from the fission barrier to its ground state value
(EGS) along the most-probable fission path. In case of
SF, this point lies on the outer turning line. For this con-
figuration, called C in the following, the two prefragments
are identified using nucleonic densities and NLFs. As dis-
cussed earlier, NLFs are related to the underlying shell
structure and remain almost unaffected along an effective
fission path [34, 43, 44]. If several fission pathways are
close in energy (multimodal fission) [45], multiple nuclear
configurations may contribute to the yield distribution.
For example, both mass-symmetric and mass-asymmetric
structures must be accounted for when the corresponding
fission valleys are close.
The microscopic DFT input has been generated by
using the HFB solver HFODD [46]. In this study,
we applied two Skyrme energy density functionals
(EDFs) in the particle-hole channel: SkM* [47] and
UNEDF1HFB [48]. In the pairing channel, we took the
mixed-type density-dependent delta interaction [49]. For
neutron-induced fission, the PES is obtained using the
finite-temperature Hartree-Fock-Bogoliubov (HFB) for-
malism, in which the compound nucleus is described us-
ing the grand-canonical ensemble [50–52].
B. Definition of prefragments from NLF
NLF measures the probability of finding two nucleons
with the same spin σ and isospin q at the same spatial
localization. In this work, it is computed as described in
Refs. [53, 54]:
Cqσ =
1 +(τqσρqσ − 14 |∇ρqσ|2 − j2qσ
ρqστTFqσ
)2−1 , (1)
where ρqσ, τqσ, jqσ and ∇ρqσ are the particle density,
kinetic energy density, current density, and density gra-
dient, respectively. The Thomas-Fermi kinetic energy
density τTFqσ =
3
5 (6pi
2)2/3ρ
5/3
qσ is introduced as a normal-
ization parameter.
Figure 1 shows the NLFs used in the calculation of
spontaneous fission (SF) yields in the selected nuclei. We
recall that a value of C ∼ 1 indicates a large nucleon’s
localization, i.e., a low probability of finding two nucle-
ons with the same spin and isospin at the same spatial
localization. On the other hand, C = 1/2 corresponds to
a limit of an homogeneous Fermi gas.
The prefragments are determined using the following
algorithm. Along the nuclear symmetry axis, we iden-
tify the center of the prefragment as the NLF maximum
(or minimum) placed at the center of the NLF’s con-
centric shell rings as shown in Fig. 1. In this way, the
equatorial plane passing through this center delimits the
prefragment’s hemisphere. Proton and neutron numbers
of prefragments are obtained by integrating the nucleon
density over such hemispheres and doubling the resulting
number. This method is a generalization of the previous
definition [34]. As evident from Fig. 1 and discussed be-
low, in most of fissioning actinide nuclei, one of the pre-
fragments is spherical due to the shell structure of the
doubly-magic nucleus 132Sn, while the other has an elon-
gated shape with two local NLF maxima separated by
the central minimum.
Thus, a deformed fissioning nucleus can be thought of
as two well-formed prefragments connected by a “glue”
of nucleons in the neck. This concept is illustrated in
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FIG. 1. NLFs of selected nuclei used in the calculation of spontaneous fission fragment yield distributions. (a), (b), (g)-(n) are
calculated with UNEDF1HFB EDF and (c)-(f) are calculated with SkM* EDF. Dashed lines indicate equatorial planes of the
prefragments.
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FIG. 2. Density distributions of prefragments (bottom) and
neck-nucleons (top) in the configuration C of 254Fm indicated
in Fig. 3(a), obtained with UNEDF1HFB.
Fig. 2, which shows the neutron and proton prefragments,
and the neck nucleons for the configuration C of 254Fm
indicated in Fig. 3(a).
C. Yield distributions from prefragments
In the next step, the neck nucleons are distributed
among the two prefragments with all possible combina-
tions sampled. For each combination, binding energies
of the resulting fragments (Eb1 for the fragment (A1, Z1)
and Eb2 for the fragment (A2, Z2)) are calculated using
the isospin-dependent liquid drop model [55] (It is to be
noted that the minimum mass and charge of a fragment
is that of a corresponding prefragment). We again em-
phasize that the prefragment configurations are obtained
using the most probable fission path calculated using re-
alistic inputs. The liquid drop energy essentially deter-
mines the width of the yield distribution which primarily
depends on the global isovector properties such as sym-
metry and Coulomb energies.
The energy of each fragment combination is Er =
Et− (Eb1 +Eb2 +EC), where Et is the calculated energy
of the fissioning nucleus at C (which is equal to EGS) and
EC is the electrostatic repulsion energy between the frag-
ments. We assumed the charges to be that of two point
charges located at the center of mass of the fragments.
For completeness, we checked that the correction in the
yield distributions due to deformed charge distributions
is negligible. Subsequently, each pair of fragments is asso-
ciated with a microcanonical probability distribution [21]
P (A1, A2) ∝
√√√√( (A1A2)8(
A
5/3
1 +A
5/3
2
)3
(A1+A2)3
)
a1a2
(a1+a2)5
×
(
1− 1
2
√
(a1+a2)Er
)
E
9/4
r exp
{
2
√
(a1 + a2)Er
}
,(2)
where ai = Ai/10 MeV
−1 is the level density parame-
ter [8]. Finally, we fold the probabilities with a Gaussian
smoothing function of width 3 for A and 2 for Z [8].
To asses the robustness of our calculations, we esti-
mated uncertainties in the yield distributions with re-
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FIG. 3. PESs of 254,256,258Fm, 254Cf, and 240Pu calculated
with UNEDF1HFB (left panels) and SkM
∗ (right panels). For
each nucleus, the energy (in MeV) is normalized to the ground
state energy EGS. The contours E = EGS are indicated by
thick solid lines. Most probable fission paths are calculated
dynamically for E∗ = 0 with constant inertia (dashed lines in
(a)-(d)) and non-perturbative cranking inertia (dotted line in
(d)) while static pathways are computed for E∗ > 0 (dash-
dotted lines in (e) and (f)). The configurations C used to
compute prefragments are marked by squares. For 258Fm,
two configurations are shown: Cs (symmetric fission pathway)
and Ca (asymmetric fission pathway).
spect to the model parameters, including the choice of
the EDF. The distributions are found to be very sensi-
tive to the prefragment particle numbers. In general, the
neutron and proton numbers of a prefragment are not
integers as they are obtained by integrating density dis-
tributions. Hence, we consider the nearest integer as av-
erage particle (neutron or proton) number with a spread
of ±1 around this average value. This particle number
uncertainty is considered for both the prefragments of a
fissioning system. The yield distributions are then ob-
tained for all possible combinations among these particle
numbers. The resulting uncertainty in the yield distribu-
tions is referred to as the two-particle uncertainty. On the
other hand, uncertainties from different realizations of
the liquid drop model and other parameters defining the
microcanonical probability mainly modify the tail part of
the distributions and its magnitude is smaller than the
prefragment-uncertainty. Also, we checked that the ab-
solute value of Er weakly affects yield distributions. We
conclude therefore that, while a more microscopic treat-
ment of this quantity could be important for estimating
observables such as the total kinetic energy of the frag-
ments, its impact on the fragments yields is minor within
our model.
III. RESULTS
A. Benchmarking the model against experimental
data
To benchmark our model, we consider several nuclei
(178Pt, 240Pu, 254Cf, and 254,256,258Fm) for which fis-
sion yield distributions have been determined experimen-
tally. For each of these systems, an appropriate config-
uration C is identified to extract the prefragments. In
case of thermal fission (nth, f), we calculate the PES
at the thermal excitation energy (≈ 6 MeV) and we
select the configuration C by taking the point on the
static fission path that has zero energy with respect to
the ground state minimum obtained at E∗ = 6 MeV.
For pre-actinide nuclei such as 178Pt, the potential bar-
rier is fairly flat and broad, and it is crossed by the
fusion valley [56, 57]. Therefore, we have arbitrarily
chosen a configuration on the static paths of 178Pt [57]
at Q20 = 220 b (UNEDF1HFB) and 190 b (SkM*). We
checked that the prefragment structure does not change
beyond these points.
The isotopes of Fm are of special interest as the corre-
sponding mass yields show a transition from asymmetric
to a symmetric distribution with increasing parent mass
[15, 45, 58–60]. Calculated PESs are shown in Fig. 3.
For all the systems except 258Fm, fission fragment dis-
tributions are expected to be asymmetric because of a
large outer fission barrier. However, the potential sur-
face of 258Fm is rather flat at large Q20 and we expect
contributions from both symmetric and asymmetric fis-
sion pathways.
From previous calculations [8, 61, 62], it is found that
the topology of the minimum action path is rather sim-
ple on the Q20-Q30 plane irrespective of the choice of
collective inertia. Usually, it follows the minimum dis-
tance from a mass-symmetric configuration outside the
fission isomer to the nearest outer turning point. This is
verified in Fig. 3 where the dynamical paths calculated
with constant inertia and non-perturbative cranking in-
ertia [63, 64] are compared for 254Cf. Although there is
a local detour inside the barrier due to non-perturbative
inertia, both the pathways reach the outer turning line
at nearby points at which the NLFs are practically iden-
tical. A similar behavior has been reported for the fission
paths of 240Pu [8]. Therefore, as we are only concerned
with identifying the appropriate C configuration, we as-
sumed a constant inertia for the calculation of minimum
action paths of Fm isotopes and the relative weight of
the two-configurations of 258Fm. This reduces the com-
putational burden enormously compared to calculations
with non-perturbative collective inertia.
To complement the NLFs shown in Fig. 1, Fig. 4 dis-
plays the calculated prefragments for different fissioning
systems. We notice that for the actinides the heavy
prefragment is very close to the doubly-magic nucleus
132Sn irrespective of the EDF used. This result suggests
an early development of shell effects along the fission
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FIG. 4. Prefragments for different fissioning systems calcu-
lated with SkM* (squares) and UNEDF1HFB (stars). Top:
proton number; bottom: neutron number. Heavy and light
prefragments are marked with closed and open symbols, re-
spectively. Note that for Cs configurations of 258Fm and
290Fm only symmetric fission is expected and hence only one
symbol is shown.
path, in agreement with the previous NLF-based study
on the formation of 240Pu fission fragments [34]. On the
other hand, both mass and charge of the lighter fragment
are subject to appreciable fluctuations; this supports the
need for the microscopic determination of prefragments.
As already pointed out in Ref. [34], the main advantage
of using NLFs is that the localization patterns of the
prefragments defined at the outer turning line closely re-
semble those at scission. This can be confirmed by the
fact that both proton and neutron single particle levels
show a smooth pattern in their evolution from the outer
turning point to the scission point, indicating the sta-
bilization of shell effects [36–39]. In Fig. 5, we show the
single-particle levels of 240Pu along the most-probable ef-
fective fission path of Ref. [34]. This plot shows that both
neutron and proton energy levels change very gradually
maintaining the low single-particle level density around
the Fermi level. An additional factor that maintains the
adiabacity of the collective motion is the presence of pair-
ing correlations, which reduce the effect of configuration
changes [36, 37, 61, 65, 66].
Since the notion of a prefragment is a purely theoretical
concept, their properties cannot be measured experimen-
tally. Moreover, alternate prefragment definitions ex-
ist [39, 67]. Consequently, the validity of a prefragment-
based description is checked by the ability of a model to
predict and reproduce experimental observables. To this
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FIG. 5. Single particle levels calculated with SkM∗ along the
most probable fission path of 240Pu from the outer turning
point to scission. Fermi energies are indicated by thick dashed
lines.
end, in Fig. 6, we benchmark our approach by predict-
ing the fission fragment mass and charge distributions
for selected nuclei. In general, very good agreement with
experiment has been obtained for SF. For thermal fis-
sion, one does not expect a drastic change compared to
SF as the excitation energy is quite low. Indeed, for
239Pu(nth, f) both experiment and predictions overlap
with the SF fragment yields. For 255Fm(nth, f) we pre-
dict broader mass and charge distributions than for SF.
We note that the 255Fm(nth, f) experimental data show
an asymmetry in the heavy and light fragment yields,
which may be attributed to neutron evaporations from
the primary fragments. In the case of 258Fm, the mass-
symmetric trajectory produces a sharp peak in the SF
mass distribution while the asymmetric one contributes
to the broad tail, in agreement with the experimental
mass distribution. Based on these benchmark calcula-
tions, we conclude that the proposed method is robust
with respect to the choice of the EDF as the SkM* and
UNEDF1HFB results are very close. The information con-
tained in the outer-point configurations C, supplemented
by the statistical treatment of the neck nucleons is suf-
ficient to predict the mass and charge flows, which are
governed by macroscopic liquid drop forces.
B. Comparison with Langevin results for 294Og
Our approach to fission fragments distributions is
rooted in the microscopic Langevin calculations suggest-
ing a separation of scales between the formation of the
prefragments and the rapid rearrangement of the neck
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nucleons at scission [8]. To further prove the capability
of our model to retain the relevant physics captured by
Langevin calculations, Fig. 7 compares the fission frag-
ments distributions for 294Og predicted in our model with
those predicted in Ref. [35] using the Langevin approach.
Both models are in a fairly good agreement, predicting
the emergence of cluster decay (with the heavy fragment
centered around 208Pb) as a main fission mode. This
again confirms the ability of the present model to capture
the relevant physics. We notice that our calculations pre-
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FIG. 7. Yield distributions for 294Og calculated in SkM∗ using
the statistical model described in this work (shaded region)
and the Langevin approach of Ref. [35] (dashed lines). Only
heavy-fragment distributions are plotted.
dict a slight shift towards a more asymmetric split, and
a narrower distribution of yields. Both effects can be re-
lated to the lower mass and charge limits imposed by the
identification of the prefragments, which drive the final
configurations towards a heavier fragment and slightly
reduce the fragment phase space.
C. Application to r-process nuclei
Encouraged by the positive outcome of the benchmark-
ing exercise, we extended our calculations to r -process
nuclei. To this end, we consider 254Pu as a representative
fissioning nucleus that is expected to significantly con-
tribute to the r -process nucleosynthesis occurring in neu-
tron star mergers and the extremely neutron-rich 290Fm
nucleus which is speculated to be formed at the edge
of r -process [5]. A one-dimensional fission trajectory is
calculated for each isotope up to the fission isomer by
constraining Q20 and leaving the other degrees of free-
dom unconstrained. In the region between the fission
isomer and the outer turning line, the collective space
is expanded to include Q30 in order to account for mass
asymmetry. The resulting PESs and yield distributions
are shown in Fig. 8 and Fig. 9 for 254Pu and 290Fm, re-
spectively. These are compared with predictions given
by the semi-empirical GEF [30] and ABLA [31] models.
For 254Pu, our method predicts yield distributions
somewhere in between the GEF and ABLA results. Dis-
tributions are wider as predicted by GEF and also have
considerable symmetric contributions as in ABLA. For
290Fm, our approach predicts a symmetric fission cen-
tered around 145Sn, but with a wider fragment distribu-
tion compared to GEF and closer to the width predicted
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254Pu. Left: Potential energy surfaces calculated with (a)
UNEDF1HFB and (b) SkM* functionals. The configurations
C are marked by square symbols. Right: Predicted (c) mass
and (d) charge yield distributions (shaded and patterned re-
gions for SkM* and UNEDF1HFB, respectively) given by our
method. The GEF [30] and ABLA [31] results are shown by
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by the ABLA model. This result suggests a weakening
of Z/N = 50/82 shell stabilization for very neutron-rich
nuclei, in agreement with a general trend found in recent
calculations [20] that would extend the range of r -process
elements affected by fission cycling [6]. It is worth not-
ing that while in both GEF and ABLA the effect of shell
stabilization determining the fission modes is introduced
ad hoc using parameters finely tuned to reproduce ex-
perimental data, in our approach they naturally emerge
from the underlying EDF. This is a crucial feature for the
studies of exotic rare isotopes whose shell closures may
differ from those found in nuclei close to the line of beta
stability. Finally, we point out the extreme robustness
of the fission yields with respect to the choice of EDF
even in this region far from stability. This feature, which
has been also found in our DFT+Langevin studies [35],
gives us the confidence to extend our study to systematic
calculations or r -process nuclei.
IV. CONCLUSIONS
We developed a method for estimating fission fragment
yields based on nuclear DFT with realistic energy density
functionals and simple statistical assumptions govern-
ing the redistribution of neck nucleons at scission. This
method is inspired by recent microscopic Langevin calcu-
lations suggesting an early formation of the prefragments
along effective fission paths and a rapid distribution of
neck nucleons around the scission point [34], which is
reminiscent of the separability principle proposed in pre-
vious phenomenological studies [76]. The new approach
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FIG. 9. Similar as in Fig. 8 but for 290Fm. The predictions
of UNEDF1HFB and SkM* are practically identical.
is computationally inexpensive compared to more mi-
croscopic models that require the knowledge of the full
multi-dimensional PES and related quantities (such as
the collective inertia) all the way to scission, while re-
taining the relevant physics determining the structure of
fission fragment distributions. A sound agreement with
experimental charge and mass distributions is obtained
for a wide range of fissioning nuclei.
In the next step, we intend to use the new method
to carry out global calculations of fission fragment dis-
tributions across the r -process region. Such input
could be combined with systematic calculations of fission
rates [77–80] to consistently study the impact of fission
on the r -process nucleosynthesis. Moreover, the present
formulation of the model, based on DFT computation of
densities in even-even nuclei, is not capable of reproduc-
ing the even-odd effects of fission fragment yields [81].
We will consider this aspect in our future studies.
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